Concerning two dimensional (2D) multi-phase batch processes, a delay-range-dependent optimal hybrid iterative learning control (2D-OILC) scheme is presented. Firstly, the process is converted into a 2D-FM time delay switched system in different dimensions by introduction of state errors and system output tracking errors among batches. According to this model, hybrid iterative learning control is combined with feedback control and a 2D optimal hybrid controller is designed. Secondly, the average dwell time method is adopted to give sufficient conditions for system robust stability in terms of linear matrix inequalities and the upper bound for system's optimal performance index is provided. Besides, the issue of optimal controller design is presented to draw the minimum upper limit of the closed-loop system performance index. The presented control law not only can make the closed-loop system preserving good tracking performance but also ensures its H ∞ performance. Last but not least, the validity of the above strategies is proved by the simulation on an injection molding process.
I. INTRODUCTION
Studies on batch process control can be dated back to 1930s [1] . In recent years, massive continuous productions have been applied in industrial production while product refinement and function have been increasingly concerned [2] , [3] . As a result, batch process control has aroused great interest. In some occasions with less demanding on industry, batch processes are still deemed as a simple continuous process under control. However, if the system has the same running condition in each batch, the controller will produce the same output in each batch and the control error will exist forever. Based on the characteristic of repeated operation of batch processes, iterative learning control (ILC) [4] is presented. The earlier ILC algorithm is similar to the feed-forward control. In other words, it revises the control law based on previous batch error information, The associate editor coordinating the review of this manuscript and approving it for publication was Ruilong Deng . which is similar to an open-loop structure [5] . However, this control structure only removes repetitive disturbances and errors, which fails to ensure the system capability of removing non-iteration-disturbances in different batches. When batch processes encounter into the non-repetitive disturbance and if the process system is a lack of feedback mechanism, it will fail to realize the control of the disturbance, as a result, product quality will be certainly influenced. With the increasing demand on control precision, a composite ILC strategy combining feedback control algorithm is presented and the validity of this control structure is certified. Since then, more and more scholars apply this control structure [6] to cope with repetitive disturbances and/or non-repetitive disturbances, which guarantees system's real-time tracking performance and robust performance greatly. The common ILC strategy is aimed at regarding the system under consideration as a repetitive system [7] - [16] , and converting the issue of the robust ILC design into the robust stabilization subsequently. The so-called two dimensional (2D) system means that the VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ state of the system changes along two different directions: the time and batch directions [6] or the time and space directions [7] . At the moment, results are fruitful [17] - [25] . In a survey of research findings, most of them are concerned with one-phase cases. When concerning batch processes, multiphase characteristic is its intrinsic feature in the batches.
Taking the injection molding process as an example, in the phase of injection, a key variable is taken into account the injection velocity of fusing materials; in the phase of packing, it is aimed at the control of the packing pressure. Obviously, the two phases switch from the velocity control to pressure control (v/p control). As different control strategies and goals to be realized are interacted with each other, the moment of switch from one phase to the other will influence the stability and product quality of the whole production process. Currently, the control of batch processes is mostly focused on high precision control of one phase. However, since phases influence each other, high precision control of one phase fails to ensure the overall high precision of batch processes. Meanwhile, due to the effect of adjacent phases switching on the ultimate system quality, it is necessary to conduct control studies based on the multi-phase characteristics of batch processes. However, there are only few research findings concerned now. Wang et al. [26] regarded the multi-phase batch process as a switched system and based on predictive control, presented the iterative learning predictive control strategy with good results. By consideration of the running time issue, an ILC strategy based on average dwell time was presented in [27] , which minimizes the system running time based on guaranteed optimal system performance. Studies on multiphase batch process control, though somewhat highlighted, are at the initial phase with fewer research findings [28] - [30] . In addition, studies on phase running time multi-phase characteristics are few [31] - [34] . In practice, delay is a widespread phenomenon in industrial process [35] , [36] , which has rather complicated effect on system stability and it is the key factor for system instability and makes system analysis stability and controller design even harder. Batch processes are influenced by time delay as well. For instance, input time delay is common in the control of batch processes, and result in the issue of whether there is dead-beat control. Under the circumstance where unknown time delay is lower than one cycle, Park et al. [37] applied pure ILC algorithm and introduced sampling discretization strategy concerning a continuous system model to offer conditions for system convergence based on norm-bounded theory. In other words, when input time delay lags one step behind only, the system is stable. Hao et al. [38] proposed an iterative learning control method for batch processes with input delay and uncertainties. Tiwari et al. [39] designed an optimal guaranteed cost control of uncertain 2D discrete systems with both shift delays and input delays via memory state feedback. The time delay reflected in the system input is called the input time delay, and if reflected in the system state, it is called the state time delay. Wang et al. [31] proposed delay-range-dependentbased hybrid iterative learning fault-tolerant-guaranteed cost control for multi-phase batch processes. Wang et al. [40] proposed a fuzzy iterative learning control for batch processes with interval time-varying delays. As time delay has great effect on the process system and impairs production benefit directly, it has aroused widespread concerns of researchers. In these existing results, there are two main types to deal with the phenomenon of time-delay: one is to transform the time-delay system into the non-time-delay system by using the concept of expanding the system dimension, such as the paper [41] ; and the other is to adopt the current commonly used time-delay dependent control method. The controller designed by this method depends on the upper and lower bounds of the time delay and it is less conservative in a sense [23] . Moreover, in actual production, disturbances are inevitable and result in some effect on system operation as well. Disturbances in production are unknown and uncontrollable, such as disturbances of internal parameters, disturbances of external environments, and disturbances resulting from wrong operation, which may influence system's running time and reduce profit. If intensive disturbances are too large, it may even result in machine shutdown. Therefore, the effect of disturbances in actual production must not be underestimated and how to restrain disturbances has become another issue to be tackled in system high-precision control.
There are many results for robust control of batch processes with anti-interference [6] , [20] , [23] . From these results, we can see that there are two main types: non-linear and linear control. For a nonlinear system, the common method is to transform it into a linear process with disturbances [42] , [43] . Otherwise, it is transformed into T-S fuzzy models by using the fuzzy method, and its tracking performance is studied by using the idea of fuzzy control [40] . Even the fuzzy neural control method has been applied [44] , [45] , the idea to study the control of industrial processes is on stabilization.
In terms of control, if one wants to realize satisfying control effect, it is necessary that the control system has both good stability and the dynamic performance of the control system to meet some requirements. Obviously, the latter is more important. Because when a control system has uncertain parameters, only by ensuring that the system fulfills some control performance can make the whole system in a steady operation. Guaranteed cost control is important to tackle robustness in a system of uncertain parameters, which was proposed by Chang and Pang [46] in selfadaptation control in 1972 for the first time. Its main idea is to guarantee robust stability and make the worsening performance indicators resulting from system uncertainty still lower than some certain upper bound. In order to meet demands in actual production and obtain better high-precision control of system, studies have been extended to 2D systems and extensively applied in all areas [31] , [39] , [47] - [52] . Wang et al. [31] presented the optimal designed algorithm of 2D hybrid robust iterative learning fault-tolerant guaranteed control. Obviously, the optimal control of batch processes has attracted considerable attention [33] , [53] , [54] . The non-optimal method guarantees the stability of the system and achieves tracking control. The motivation of the optimization method is to find the optimal upper bound of the performance index with the minimum control input under the condition of constraints. This method can overcome the influence of system uncertainties and real-time disturbances to improve production efficiency. But there are still many problems worth discussing. As stated earlier, not only the time delay and disturbance affect the control performance of the system, but also the interaction between systems can even affect the performance of the system. If the three act on the same process, the complexity of the control will increase obviously. How to solve the optimal control problem that all these phenomena exist in a certain system has become a new challenge.
To sum up, this paper is mainly concerned with the optimal control of multi-phase batch processes and its running time under the influence of the above factors. To realize the above target, a proper controller needs to be designed. First of all, the repetitive characteristic of batch processes is utilized to design a 2D optimal hybrid iterative learning control (2D-OILC) law concerning each phase and the system output and state error are defined to set up a 2D-FM dimension switched system model so as to convert the issue of robustness in different dimensions into the equivalent issue of optimal control for 2D switched systems. Secondly, 2D Lyapunov functional is selected to give sufficient conditions for exponential stability of system depending on interval time delay using matrix inequalities by the average dwell time method and the control law and the lower bound of running time in each phase are proposed. Subsequently, the convex optimization algorithm is introduced to give the upper bound for performance indicators of the 2D closed-loop delay system. Concerning non-repetitive disturbances, a 2D-OILC controller with H ∞ performance indicators is constructed. Last but not least, this method is proved to be effective by modeling and simulation of an injection molding batch process. Moreover, through the comparison with the existing results, the results show that although the existence of time delay and disturbances affects the system control performance, the desired control effect is still achieved by using the proposed control method.
Compared with other control approaches in the literatures, the contributions of this paper are as follows: (1) Under the theoretical framework of 2D system, hybrid iterative learning control is combined with feedback control and a 2D optimal hybrid controller is designed; (2) The 2D-FM switched system model is established. The robustness problem in different dimensions is transformed into the equivalent optimal control problem of 2D switched system, and the running time of different phases of the system is found by using the concept of switched system. We give the sufficient condition for system robust stability in terms of linear matrix inequalities and provide the upper bound for system's optimal performance index, which provides theoretical support for improving production efficiency in the production process; (3) The designed controller has certain robustness. It can resist the influence of disturbances and time delay and ensure the stability of the system and it has the best control performance, which provides technical support for energy saving and consumption reduction in production process.
The notation used throughout the paper is quite standard. R n is the n-dimensional, Euclidean space and R (n+l)×(n+l) are the set of (n+l)×(n+l) real matrices. x iT (t, k +1) denotes the transpose of x i (t, k + 1). * represents the transposed element in the symmetric position.
II. PROBLEM DESCRIPTION
Regarding them as a kind of switched system is a very good idea because of multi-phase characteristic of batch processes. In actual production, disturbances and delays are inevitable and exist widely, which may have some effect on highprecision control of batch processes. It is necessary to design the corresponding control strategy. The following uncertain discrete-delayed linear system is taken into account:
where, t and k are batch and operation instant in a batch respectively, x(t, k + 1) ∈ R n , y(t, k + 1) ∈ R l and u(t, k + 1) ∈ R m refer to process state, output and input respectively, and d(t) refers to state delay and satisfies
where ρ(·, ·) : Z + × Z + → i = {1, 2, · · · , q} is a switch signal, where, q is the phase of each batch, ρ(·, k) = i means the system is activated in the i phase in the k batch, {A i , A i d , B i , C i } refers to constant matrices with proper dimensions, x 0,k+1 is the initial state in the k + 1 batch cycle. Concerning each phase i(i = 1, 2 · · · q), the system state x i (t + 1, k + 1) is expressed as follows:
This paper is aimed at designing an optimal hybrid controller to ensure system stability and optimal tracking control performance.
Remark 1: There are mainly two methods for the study of time delay: one is time delay independent method [55] ; the other is the delay-dependent method [56] , [57] . For the control that depends on the size of the delay, most of the research focuses on the conservatism of the delay, especially the timevarying delay. The research results shown in the reference mainly have two forms, one is the lower bound of the delay is zero, the other is the interval delay, i.e. the lower bound is not zero. At present, there are also some methods. And most of the results are focused on reducing the conservatism of the delay. The latest methods, such as the two articles mentioned above [56] , [57] , reduce conservatism to different degrees by introducing new variables and introducing the difference between the upper and lower bounds with time delay into the proof of inequality. The methods introduced in this paper are the same as that in the literature [57] .
The following assumptions will be used in this article: Assumption 1. Assuming that the state is can be measured; Assumption 2. Assuming that is there are two positive integers t and k, then
where r 1 < ∞ and r 2 < ∞ are positive integers, x i (t, 0) and
x i (0, k) denote the state along the direction of time and the bound along the time of batch respectively, r = max {r 1 , r 2 }. And the initial state is arbitrary but belongs to the set
where i is a given matrix.
III. 2D ITERATIVE LEARNING CONTROL DESIGN A. EQUIVALENT 2D SWITCHED SYSTEM
Because batch processes have repetitive and two-dimensional characteristics and consider the multi-phase batch process in (1), an iterative learning control in the following form is introduced:
where u i (t, 0) and r i (t, k + 1) ∈ R m are the initial value of the iteration and the update law of iterative learning control in the i phase respectively. ILC design is aimed at determining the update law of
Here errors are defined as follows:
where δ f i (t, k + 1) refers to the error of the variable f i (t, k + 1) along the batch direction; e i (t, k + 1) refers to error between the system output and the given output.
From (3) and (4), the following is drawn:
Obviously,ω i (t, k + 1) = 0 means that disturbances are nonrepetitive.
To achieve a fast convergent system, the extended information model is adopted in this paper. For ILC, rich information will lead to improve control performance.
wherex i (t, k + 1) is the extended state. We will have
where
It is worth noting that the errors introduced in this paper, especially the state errors δ x i (t, k + 1) , are along the batch direction, which is obviously different from the time difference f i (t) = f i (t) − f i (t − 1) used by traditional methods. Secondly, the model representation is also different from the traditional time-dependent system model, such as (6b), where the output error information is obviously related to the output error information of the previous batch. Traditionally, it is related to the time of the previous moment. Thirdly, there is no difference between the control law introduced here (4), but because of the different problems studied, the design of r i (t, k + 1) is different. For example, in order to speed up the convergence rate of the system, the extended information (7) is introduced here; And the problem studied in this paper is the design of optimal control law, which is related to the size of time delay, disturbance and performance indicators, etc. These are all the innovations of this paper.
Remark 3: The 2D-FM model and the Roesser model are two commonly used models in iterative learning control design. In a sense, the two models are equivalent as described in reference [7] . However, when designing control law, the 2D-FM model needs more information than the Roesser model, which leads to better control performance. This result has been reflected in our research results, such as the reference [19] . That's the reason why we use the 2D-FM model.
In most cases, states of different phases in each batch may not correspond to each other. Even in one batch, dimensions of system models for two neighboring phases may differ from each other. Therefore, some conditions need to be fulfilled when system switching takes place. Assuming that state is continuous in the system switch, the form of state transition in such switch is described as
×n i refers to the state transition function. When J i = I i , it shall indicate that the system states have the same physical meaning as in neighboring phases.
It is observed from Eq. (4) that one phase is switched to its neighboring phase at the moment T i k+1 (this value may be comprehended as end point value of the running time in the i phase). How to determine this moment is vital since too early or late moment may influence system stability. Here by, whereas the system states are assumed to be predictable in this paper, the moment of T i k+1 is given as follows, which is also one of two switching conditions in this paper as well
where S i+1 (x(t, k + 1)) < 0 and T i k+1 refers to the switching condition and switching time respectively.
As the system states are continuous before the switch, the state transition is described as follows
where T i k+1 = T i k . Based on the above description, the controller is designed as follows
The closed-loop model in the i (i = 1, 2 · · · q) phase is described as follows:
Meanwhile, the model (11b) can be represented by the following switched system model with controlled output
Eq. (12) expresses the 2D-FM switched discrete-delayed system with uncertainties and it is equivalent to system (1). The design of the control law is converted to the design of update law of r i (t, k + 1) in Eq. (12) . In this paper, model (12) is a special 2D system, which is different from general uncertain 2D delay systems because its running time is limited for each batch. Therefore, it is particularly important to design a controller to make this special 2D system run steadily in a limited time and ensure its good control performance in order to achieve the goal of energy saving and consumption reduction.
For the 2D switched system (12) , the boundary conditions are assumed to satisfy the following
where r i 1 < ∞ and r i 2 < ∞ are positive integers, and µ i t0 and υ i 0k are given vectors. Here µ i 0k = υ i t0 = 0 is called the zero boundary condition.
i (t denotes the total running time), let N ρ q (z, D) express the switch of ρ(·, ·) in time interval (z, D). If for any given τ q > 0, N ρ q (z, D) ≤ D−z τ q holds, τ q will be called the average dwell time of the q phase in the interval of (z, D).
For a given z ≥ 0 and all D ≥ z, if there exist positive constants K and ξ such that lim l→D χ D ≤ Kξ (D−z) χ z holds, the closed-loop 2D system (12) is exponentially stable under the switching signal σ (·, ·), where • represents the Euclidean norm.
Here the following cost function is associated with system (12)
where U i 1 > 0, U i 2 > 0, U i > 0. Remark 4: In the above performance index function, the weighted matrices of U i 1 , U i 2 and U i have direct effect on the control performance. These matrices must be adjusted to their proper size and guaranteed to be positive values because they have direct effect on whether the following theorem has a solution or not. Definition 3: Consider the uncertain system (8) with ω i (t, k +1) = 0 and (14), if there exist a controller r i * (t, k +1) and a positive scalar J i * such that the resulting closed-loop system is stable and (14) satisfies J i ≤ J i * , then J i * is said to be a guaranteed cost and r i * (t, k + 1) is said to be an optimal controller for (8) .
Definition 4: For a given scalar γ i > 0, the control law r i * (t, k + 1) is a robust H ∞ optimal law for system (8) , if the following conditions hold for all admissible parameter uncertainties:
(1) the closed-loop system (8) withω i (t, k + 1) = 0 is exponentially stable;
(2) with the zero initial condition, the controlled output
(3) the cost function satisfies J i ≤ J i * . Remark 5: For non-repetitive disturbances, the H ∞ control must be considered. The smaller the solved performance index γ i is, the better its inhibiting effect on the disturbances will be. It is inevitable to utilize robust H ∞ performance to analyze the impacts of the cycle-to-cycle parameter perturbations.
Lemma 1 [58] : For any vector δ(t) ∈ R n , two positive integers κ 0 , κ 1 , and matrix 0 < R ∈ R n * n , the following holds
Lemma 2 [31] : In i phase, if there exist a function V i (·) and a scalar 0
Then the 2D delay switched system is asymptotically stable for any switching signal satisfying the average dwell time τ q , the minimum value α i satisfying (15b) is called the robust convergence index (RCI) of the system (12) in i phase.
B. ROBUSTNESS ANALYSIS
The controller (11a) is to be designed based on the model (12) and the robust stability of the system is to be studied. First of all, sufficient conditions for the existence condition of the controller to be designed, as shown in Theorem 1 and Theorem 2. Next, the gain design of the controller is provided in Theorem 3 and Theorem 4. And the controller (11a) is related to the optimization algorithm. Finally, we will use the controller gains obtained by theorems 3 and 4 to analyze the following cases.
Theorem 1: Consider the system (8) with the initial conditions (13), for some given scalars 0 (17), there exists an optimal controller r i (t, k + 1)
where 
where P i , Q i , W i and R i are positive definite matrices to be determined. It is desired that the Lyapunov function increment is negative, i.e.,
Here V i 1 − V i 0,1 − V i 1,0 denotes the function increment from a 2D view of energy transfer, that is the state energy transferred to the state point, τ + θ = N + 1, where N is any non-negative integer that comes from two state points satisfying τ + θ = N in both time and batch wise directions. 
Summing up (25), (30)-(33) and using Lemma 1, we obtain
Applying the Schur complement, we have
which holds for any delay
Given that
Then, the exponential stability proof of the switched system will be given. VOLUME 7, 2019 As can be seen from the above proof, the following inequality is effective
where the equality sign only holds when ϕ i (t, k) = 0. Denote D(r)
For any integerr ≥ max {r 1 , r 2 }, it follows from (35) and (13) that
where the equality sign only holds when t+k=D(r) V i 0,0 = 0. The sum of the Lyapunov function value clearly decreases along the state trajectories. Since (34b) holds, we have
It follows from (37a) that
From Definition 2 and the boundary conditions, when N 1 , N 2 → ∞, we obtain
For given limited batches, let N ρ (z, D) denote the switches of ρ(·, ·) in the interval of [z, D] , k − w + 1 and k refer to the initial batch and end batch respectively, and T 1 k−w+1 , · · · , T p k−w+2 , · · · , T 1 k , · · · , T p k+1 refer to all switch instants. Similar to the proof in [27] , the following inequality holds
where γ = max q∈N µ q 1 τq α q < 1. In addition, define
which yields
Then, the switched system is asymptotically stable. Theorem 1 is proved. Theorem 2: For some given scalars 0 ≤ d m ≤ d M , α i < 1, γ i > 0 and letα i P i 1 +β i P i 2 < P i , the 2D control law r i (t, k + 1) 1, k) is an H ∞ optimal control law for system (8) if there exist symmetric positive matrices P i , P i 1 , P i 2 , Q i , W i and R i , and scalars µ i > 1 andα i > 1,β i > 1 such that (41) holds for any switching signal with the average dwell time satisfying (17) , and then the cost function satisfies (18) .
whereĤ i = 0 H iT P i H iT P i ,Ĉ i = C i 0 0 0 0 , and
So it follows that
Using Schur complement to equality (41) and considering U i
the optimal control is solvable for any switching signal with the average dwell time satisfying (17) if symmetric positive matrices andP i
where i , as shown at the bottom of the next page.
For any d(t) satisfying 0 ≤ d m ≤ d(t) ≤ d M , the optimal law is chosen as
and the corresponding cost function satisfies
Proof: Pre-multiply and post-multiply inequality (16a) by diag i i i R i −1 I i i R i −1 and then design
Applying the Schur complement, we have (44) .
Theorem 4: Given scalars 0 ≤ d m ≤ d M and γ i > 0,
the H ∞ optimal control is solvable for any switching signal with the average dwell time satisfying (17) if symmetric positive matrices andP i
The control law can still be adopted as (45) , and the corresponding cost function still satisfies (46) .
Proof : Similar to the proof of Theorem 3, Theorem 4 is omitted.
C. OPTIMIZATION
The definition of optimal control problem is to find the minimum control input in the ''worst'' case to achieve the optimization of control objectives in the actual production process under certain constraints. The upper bound of the guaranteed cost function in Theorem 3 is influenced by the initial condition. In order to remove the effect, we have assumed that the cost function has a finite set of initial conditions, and they are given in Assumption 2. According to the definition of optimal control problem, we can get the following optimization algorithm.
To obtain the controller
and achieve the least guaranteed cost value J i * , we need to solve
The condition in (44) is no longer a linear matrix inequality condition. To solve this question, new variables are introduced in Theorem 3, as shown in [59] .
Obviously, some parameters in the theorem need to be given or solved when seeking the controller gain. Such as the upper and lower bounds of the time delay 0 ≤ d m ≤ d M and the anti-interference value γ i > 0 need to be given in advance, α i > 1,β i > 1 is obtained by one-dimensional line retrieval method, and µ i > 1 is solved directly by inequality.
IV. ILLUSTRATION
The results of the optimal control are applied to multi-phase batch processes. The time delay studied in this paper refers to state delay in some interval. In other words, the system state information is pertinent to both information at the current moment and information at the previous moments. In actual production, generally, batch processes have uncertain parameter disturbances. Making traditional control algorithm will be no longer applicable. Injection molding process is taken as example in paper [26] to utilize its characteristic of repetitive operation and apply composite iterative learning. Mathematical models are established based on the above conditions so as to determine the required parameters and get accurate value of running time in each batch.
After definition, the injection velocity (IV) model corresponding to the valve opening (VO) in the injection section can be described as:
And the nozzle pressure (NP) model corresponding to injection speed is as follows:
Denote
The dynamic response of injection speed to proportional valve has been described as a step mode, which is transformed into a state space model.
Similarly, in the phase of pressure packing, the state space model of the injection process is
For d(t), here it is assumed to be interval. For the disturbance, assuming that the initial state fulfills Assumption 2 and belongs to set S (d M , 0), where 1 and 2 is
To solve the controller, choose the weighted matrices r 1 = r 2 = 10, U 1 1 = U 1 2 = n 1 * I 5 ,
where r 1 , r 2 , 1 , 2 , U 1 1 , U 1 2 and U 2 1 , U 2 2 is adjustable for any adjustable positive scalars m 1 , m 2 n 1 , n 2 . The subscript number of the identity matrix represents the corresponding dimension.
It is observed from [19] that eq.(58) can be applied to evaluate the system's tracking performance.
DT (k)
Meanwhile, the condition for system switching is expressed in the following expression
From the above expression, it is known that while the holding pressure is higher than 350 Pa, the system switch will occur. Therefore, the system's running time is calculated as well.
Case. Non-Repetitive Uncertainty
Here, given d m = 1 and d M = 3, define w 1 (t, k) ∈ R 3 and w 2 (t, k) ∈ R 2 are non-repetitive disturbances, and for the sake of calculation convenience, assume w 1 (t, k) = 0.5 × 1, 2, 3 ) are random variation in 0 1 along the time and batch direction. By the above steps, design an optimal 2D − H ∞ controller. Firstly, select a larger γ i . By solving Eq. (50) and (51) , decrease the γ i value if we get a γ i value. In others words, while finding a proper γ i value, the lowest γ i value will be obtained by solving Eq. (50) and (51) . In the phase of injection, γ 1 = 9.108, the corresponding performance indicator is J 1 * = 1275.4. The corresponding optimal updating law is:
In the phase of packing, solve the performance indicator J 2 * = 72.4005 from the same γ i value. The corresponding optimal updating law is:
To show that the system performance will deteriorate under time-varying delay and disturbances, we first give the comparison results with and without time delay under the same control method. At the same time, we also give the system control performance comparison and running time status under different control algorithms. Fig. 1 is performance comparison of the system with or without time delay. The existence of time delay in the injection process makes the convergence speed of the system slower, the tracking performance worse, and the switching time of the system longer, which leads to the increase of the total running time of the system, the decrease of production efficiency, and even the possible reduction of product quality.
e(t, k + 1) we can see that DT (k) is the sum of absolute values of tracking errors for all runtime in each batch. Intuitively, it is not consistent with the monotonic convergence in this paper. In fact, DT (k) is almost a fixed value after a certain batch, and it can be seen that e(t, k) is monotonic convergence.
In Fig.2 , the tracking performance of different batches is shown and it reveals that the optimal control using 2D-OILC shows better performance compared with 1D-OTC in terms of the fast tracking. The convergence speed of 2D-OILC is faster and more closed to zero, and the curve is smooth. In Fig.3 , the switching time of 2D-OILC -model is 90 while that of 1D-OTC -model is 92, which reveals that the whole running time of 2D-OILC -model is shortened and production efficiency is enhanced. Fig.4 (a) shows the system output response comparison in 1D-OILC-model with 2D-OILC-model in batch 6. The1D-OILC-model fluctuates greatly when system switching occurs. But 2D-OILC -model can track the given trajectory quickly, and the perturbation is small and the curve is smooth. Fig.4 (b) shows the system output response comparison in 1D-OILC -model with 2D-OILC -model in batch 50. The set value tracking of 1D-OILC -model can be achieved by running for a period of time, but fluctuates greatly when system switching occurs. But 2D-OILC -model can track the given trajectory quickly, and there is almost no fluctuation, and the curve is smooth. Fig.5 shows the |e(t, k + 1)| trajectory of the switching system (50th). It can be seen from the figure that in the operation of the activated subsystem, the output tracking error |e(t, k + 1)| decreases monotonically except at the beginning and the switching time. The reason is that at the beginning of the first phase in each batch, the initial state is assumed to be zero. in the third step, the given output yr=40 acts and |e(t, k + 1)| immediately jumps to 40. At the switching time 91, the output tracking error is different due to the different tracking targets of the two subsystems, thus |e(t, k + 1)| does not decrease monotonically at the switching point. According to the references [60] , [61] , we can conclude that ILC is monotonic convergence. In order to show the relationship between the controlled output and the external interference, the comparison results of different batches are given in this paper. It can be seen from the figure that the batch is started, the controlled output is greater than the interference value, but in the following batches, due to the stable operation of the system, the controlled output is smaller than the external interference. The definition of H∞ is obviously satisfied here.
V. CONCLUSION
In this paper, a solution to optimal control based on robust 2D control and composite ILC is proposed concerning multiphase batch processes. In order to make system keep some performance level and obtain good tracking performance, the repetitive characteristic is utilized to present the idea of robust 2D control. In other words, as long as the updating law is acquired, the state of each phase in the system shall be known. Concerning the time-varying delay, the range of variation and its existence sufficient conditions for the controller are offered and robustness is proved by 2D Lyapunov function. What is noteworthy is the presentation of the algorithm in which average dwell time is applied to calculate the minimum running time of each phase in the system, which provides theoretical and technical support for the running time in actual production. Finally, simulated cases certify the effectiveness of the proposed method.
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